AD-A138  816  THE  EXTREME  POINT  CHARACTERIZATIONS  OF  SEMI  - 1 NF 1  NI  TE  1/1  N 

DUfiL  NON-flRCHIMEDEflN.  .  (U;  TEXAS  UNIV  AT  AUSTIN  CENTER 


FOR  CVBERNETIC  STUDIES  A  CHARNES  ET  AL.  MAR  83 
UNCLASSIFIED  CCS-RR-449  N00014-82-K-0295  F/G  12/1  NL 


DT\c  File  Copy 


Research  Report  CCS  449 

THE  EXTREME  POINT  CHARACTER I tyl IONS  OF 
SEMI-INFINITE  DUAL  NON-ARCHIMEDEAN  BALLS 

by 

A.  Charnes 
T.  Song 


CENTER  FOR 
CYBERNETIC 
STUDIES 

The  University  of  Texas 
Austin  .Texas  78712 


„  v  i  i  \^> 


84  02  17  141 


Research  Report  CCS  449 

THE  EXTREME  POINT  CHARACTERIZATIONS  OF 
SEMI-INFINITE  DUAL  NON-ARCHIMEDEAN  BALLS 

by 

A.  Charnes 
T.  Song 


March  1983 


This  research  was  partly  supported  by  ONR  Contract  N00014-82-K-0295  and 
USARI  Contract  MDA- 903-83- K-031 2  with  the  Center  for  Cybernetic  Studies, 
The  University  of  Texas  at  Austin.  Reproduction  in  whole  or  in  part  is 
permitted  for  any  purpose  of  the  United  States  Government. 


CENTER  FOR  CYBERNETIC  STUDIES 

A.  Charnes,  Director 
Graduate  School  of  Business,  4.138 
The  University  of  Texas  at  Austin 
Austin,  Texas  78712 
(512)  471-1821 


v  1  iO 

j.L.ECTEI 


FEB  2  1  1984 


I 

I 

I 


This  document  has  been  appu  v? 
for  public  release  and  sale,  iU. 
distribution  is  unlimited  _ 


ABSTRACT 


N J 

The  extreme  point  characterization  of  the  (£')-ball  of  a  generalized 
finite  sequence  space  by  Kortanek  and  Strojwas  was  accomplished  only  for  real 

n  •  u  •< 

scalars  and  by  continuity  considerations.  Vie  show^that  no  topology  or  contin¬ 
uity  is  needed  as  in  Kortanek-Strojwas  and  that  the  characterization  extends 

to  weighted  (£')-balls  with  any  ordered  scalar  field.  We  show  ^Chebyshev 

^  it-'  * 

ball  theorem  is* false  since  they  harve  no  extreme  points.  Via  generalizing  the 
LIEP^theorem,  useful  projections  of  the  ball  are  proved  convex  hulls  of  their 
extreme  points. 


KEY  WORDS 

Semi -infinite  programming 
Non-Archimedean  programming 
Weighted  (£') -balls 


•V *  .N  -  v  \ 


THE  EXTREME  POINT  CHARACTERIZATIONS  OF  SEMI- INFINITE 
DUAL  NON-ARCHIMEDEAN  BALLS 

A.  Charnes  and  T.  Song 
The  University  of  Texas  at  Austin 

1 .  Introduction 

In  1951  Charnes  introduced  non-Archimedean  field  extensions  into  linear 
programming  as  part  of  his  non-Archimedean  Simplex  method  [1]  which  solved 
the  degeneracy  problem  and  thereby  provided  the  first  rigorous  algorithm 
for  solution  of  linear  programming  problems.  Together  with  his  LIEP  Theorem 
and  Opposite  Sign  Theorem  it  could  be  used  to  extend  the  major  theorems  of 
LP  to  vector  spaces  with  scalars  from  any  ordered  field  (e.g.  [2]  and  [3]) 
without  thereby  requiring  topological  considerations  as  used  in  separation 
theorems  for  convex  sets.  Although  the  LIEP  Theorem  and  Opposite  Sign 
Theorem  were  extended  to  semi-infinite  programming  duals  in  [4],  Kortanek 
and  Strojwas  in  [5]  succeeded  only  in  the  important  case  of  the  real  field 
and  by  means  of  continuity  considerations  to  characterize  in  a  similar  fashion 
the  extreme  points  of  dual  constraints  sets  additionally  constrained  to 
lie  in  a  (non-linear)  "(Jl')-ball"  of  the  generalized  finite  sequence  space. 

In  this  paper  we  show  that  no  topological  or  continuity  considerations 
are  needed  and  that  the  Kortanek-Strojwas  characterization  holds  for  the 
extension  to  weighted  ( £ ' ) -bal 1 s  with  vector  entries  from  arv^  ordered  field. 

We  also  prove  that  the  similar  theorem  for  "Chebyshev-balls"  is  false.  In 
fact  the  Chebyshev-balls  have  no  extreme  points.  Via  a  generalization  of  the 
LIEP  Theorem  of  semi-infinite  programming,  we  obtain  as  corollaries  character¬ 
ization  of  useful  subsets  of  the  Chebyshev  ball  as  convex  hulls  of  their 
extreme  points. 


First  we  define  the  following  sets 


(1) 

(2) 

(3) 

(4) 


A  k  {xc  FW  :  E  P.X.  =  Q  , 

A  4  {  X  €  F(I)  :  E  =  Q  . 

i 

A  =  {  X  €  F(1)  :  E  PiXi  =  Q  , 

i 

AC-  1  A  £  F(I)  :  E  P,X,  -  Q  , 


X  >  0  } 

X  >  o  ,  E  X,  <  u  ( 
i 

E!xi u  1 

i 

|x.|<  U  ,  i €  I f 


where  F  is  any  ordered  field;  P^'s,  Q  are  m-vector  from  Fm;  I  is  an  index 

set;  E means  the  summation  is  over  all  non-zero  components  of  X.  F^  is  the 
i 

generalized  finite  sequence  space  of  vectors  on  F  with  |I|  entries,  alternately 
it  is  the  space  of  functions  from  I  to  F  with  finitely  many  non-zero  entries. 

In  the  following  section,  we  will  show  that  sets  A  ,  A  are  all  the 
convex  hull  of  their  extreme  points  and  we  will  also  discuss  some  properties 
of  their  extreme  points.  The  fundamental  theorems  of  this  paper  are  the 
LIEP  Theorem  and  OS  Theorem: 

Theorem  1.1  (Linear  Independence  with  Extreme  Points) 

Assume  A  of  (1)  is  non-empty.  Then  X?4  0  is  an  extreme  point  of  A  if 
and  only  if  |  P..  |  icl  j  is  linearly  independent. 

Theorem  1.2  (Opposite  Sign  Theorem) 

Assume  A  is  non-empty.  Then  the  set  of  extreme  points  of  A  is  non¬ 
empty  and  A  is  the  convex  hull  of  its  extreme  points  if  and  only  if 
j  Pi  |  i  el  (  has  the  Opposite  Sign  Property,  (OSP)  namely,  a  €  F^, 

X  t  0  and  Sp.jX..  =  0  imply  that  some  Xr  and  X$  are  of  opposite  sign. 
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2.  The  set  A 

Consider 

(5)  A"  A  {(A*,A)€  F'  x  F(I)  :  A*(J)  +  Sx.^1)  =  (jj)  ,  A>  0,  A*  >  0} 

For  any  UA  ,  let 

A*  =  U  -£ai 

This  defines  the  following  mapping: 

<P  :  A  — >  A" 

where  (p{\)  =  (A*, A)  =  (U  -  2  A.  ,  A) 

i  ' 

Evidently  this  mapping  is  1-1  and  of  the  first  degree  in  A. 

Take  A1,  A2  e  A  and  0  <  0  <  1.  Since 

U  -  (2(exx  +  (l  -  e)A?))  =  0(u  -  2*})  +  (l  -  e)(u  -  £a?)  , 

i  i  i 

we  have 

^(eA1  +  (1  -  0 )  A 2 )  =  9</>(A1)  +  (1  -  0)(P(A2) 

Conversely, 

^”^(0  ^(A1)  +  1-0  ‘/’(A2))  =  +  1  -  0A2)]  =  0A1  +  (1  -  0)A2 

The  following  Lemmas  are  true. 

Lemma  2.1 

A  is  an  extreme  point  of  A  if  and  only  if  <P(\)  is  an  extreme  point  of  A". 
Lemma  2.2 

A  is  the  convex  hull  of  its  extreme  points  if  and  only  if  A"  is  the  convex 
hull  of  its  extreme  points. 

Theorem  2.1 

If  A  is  non-empty,  then  A  is  the  convex  hull  of  its  extreme  points. 


^r^vry'-r*  :r:.‘  v"  •  •  •:■  s,i:T.^;r'.ii^v7  ^  ■- .- ,-- 


■ 


r-- 


_-. 


PI 


i'S>\ 

bv.*t 


0!\ 

*  •  •  i 


| 

Ev: 


•V. 


.%  - 


is 


Proof:  Since 


|(l)  ,  (l  )  :  l  €  I 


has  the  opposite  sign  property  and  A"  t  <f> 


because  A  f  4> ,  by  Theorem  1.2  A"  is  the  convex  hull  of  its  extreme  points. 

In  accordance  with  Lemma  2.2,  then  A  is  the  convex  hull  of  its  extreme 
points. 


Q.E.D. 


Theorem  2.2 


Suppose  A  is  an  extreme  point  of  A  and  A  ^  0. 

(i)  If  =  U»  then  {P^  :  A..  >  0}  is  affinely  independent, 

(ii)  If  ^A^  <  U,  then  (P..  :  A..  >  0}  is  linearly  independent. 


Proof:  Suppose  A  is  an  extreme  point  of  A.  By  Lemma  2.1  <P(A)  is  an  extreme 
point  of  A". 


(i)  If  2a,  =  U,  then  A*  =  U  -  £a.  =  0. 

*  i  .  ! 


By  Theorem  1.1, 


(?)  =  x. 


>  0 


is  linearly  independent, 


i  .e. , 


{P.  :  Aj  >  0}  is  affinely  independent. 


(ii)  If  2wA.  <  U,  then  A*  =  U  -  £a. 

*  I  •  1 


>  0. 


By  Theorem  1.1, 


(!).(;■) 
IC')  : 


Hence  the  set 
1 i nearly  i ndependent . 


A.j  >  0 


is  linearly  independent, 
is  linearly  independent  and  (P^  :  A ^  >  0}  is 


Q.E.D. 


3.  The  set  A 


Below  we  will  first  discuss  the  more  general  set  Aw  as  follows: 

(6)  Aw  A  {X €  F(I)  :  £p.X.  =  Q  ,  EwJX.|  <  U) 

w-  i  i  1  1 

where  w^  >  0  ,  for  all  ie  I  ,  is  called  the  "weight1  of  component  i  and 
|X.|  A  max(X.  ,  -X.). 


Lemma  3.1 


The  function  g(p)  A  EwJ*-j  +  pa^  |  , 


where  (i)  w^  >  0  ,  Vi  el,  (ii)  {i  cl  :a.  f  0,  or  X^  f  0}  is  finite  and 
a-  t  0  for  some  i,  is  a  non-negative  piecewise  linear  function  of  p  >  0,  which 
takes  on  all  values  in  F  between  any  two  values  of  g(p)  and  takes  on  arbitrarily 
large  positive  values  in  F. 


Proof: 


i0A  ti 


'ooi  « 

h  £ (1 

ld4« 


:  X..  =  0  ,  a.j  f  0} 


:  X.  t  0  ,  ol^  =  0} 


:  X^a  .  >  o) 


X^a^  <  0} 


Thus  I0UI00U  IsUIj  is  a  partition  of  (i  e  I  :  ai  f  0  or  X^  f  0}  . 
Then 

g(p)  =  Ew-jlX.  +  pa.  | 

=  w .  | X .  |  +  p^^  w,|a. |  +  ( l^i  I  +  p|a.  | )  + 

i  el  1  1  lei’1  i e  I  1  1 


'  •  '  -  -  A  -  -  - 


+  w.  ( I X .  I  -  p |ot .  J )  +  Wj  (p|a.  |  -  jX. 

i  €  I-i  1  1  1  i  €1,  1  1  1 


P  <  Uf |  /  |a.| 


P  >  l*j|  /  |«1 


where  {ii,...,in>  =  1^.  We  designate  these  ratios  as  pi  ^  P2  ^  ^  pn' 

Thereby  we  obtain  the  following  expressions  for  g(p). 


PQ  A  0  <  p  <  pi  : 


g(p)  =  Zu  w.  |x. 


S  W- lx.  I  +  p{  £  W.  lot.  I  -Sw.|aj} 

JlsUid  1  I0UIS  11  Id  1  1 


pk  <  p  <  pk+l  : 


g(p)  =  X)wi|xil  -  S  wi  lxi  I 

Io(TJV{Vl’,-,’1m}  *V*’**V 

+  p  |  Swi|ail  *  X/  wil«i!  | 
Io'^,IsU{ll’",’V  {lk+r--,’V 


for  k  =  l,2,...,n-l. 


p  ^  P„ 


g(p)  =  2  w. | x . |  -  2w.|x.|  +  S  w. 

!ooUIs  !d  !oUISUId 


Evidently  g(p)  is  linear  in  each  interval  p.  <  p  <  p,  .  (I;=0,1, . . .  ,n-l ) 


and  p  S*  p  with  increasing  coefficient  of  o  as  o  increases.  I.e., 


g(p)  = 


\  +  skp  ’  pk  ^  p  <  pk+l  ’  k  =  0, . . . ,  n-1 


t  +  S  p  ,  n  >  p 

n  nM  ’  M  x  Mn 


where  s„<  s.  <  •  • .  <  s.  <  s  ,  s  =  Y''  w.  |a.  |  >  0  and 
o  1  n-1  n  n  i  i 


g(pk+P  "  *k+l  +  sk+l  pk+l  lk  +  sk  pk+l* 

Let  r  be  the  least  integer  for  which  >  0. 

Then  g(pQ)  >:  g(p])  s  ...  >  g(pr)  and  g(pr)  <  9(Pr+1)  -  •••  -  g(Pn)»  i-e- 

g(pr)  is  the  minimum  of  g(p)  for  p— 0.  For  any  t  e  F,  t  ^g(pr),  either 
g(pk)  ^  t  —  g(pk+1 )  for  some  k  2  r,  or  else  t  >g(pn).  Thus,  g(p)  =  t  for 
either  p  =  (t  +  tk)/sk  or  else  for  p  =  (t  -  tn)/sn< 

Q.E.D. 

From  this  lemma,  it  is  easy  to  obtain  the  following  theorem. 

Theorem  3.1 

*  /s 

Suppose  Aw  has  at  least  two  points.  If  X  e  Aw  and  Z w. |X^|  <  U,  then 

ip''  \  ’  i  l  2 

X  is  a  convex  combination  of  X  ,  X  €  Aw  with  w-jU-j  I  =  U  =Z^wj|A-j  |. 


Proof: 


Suppose  X1  e  A  and  X'  f  X. 

W 


Let  a  =  X  -  X'  f  0  ,  ga(p)  =  S  wi  lXi  +  pai I  * 

By  Lemma  3.1,  there  exists  pj  >  0,  such  that  g^pj)  =  U  >  ga(0). 


X'  =  x  +  Pjtt  . 


Since  E  P^X'  .  =  £  p.  (  X^  +  pj  a.)  = 


=  2  P,  (X.  + 


Pi  (Xi  -  X'.))  =  Q  +  p,  (Q  -  Q)  =  Q 
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Hence  (X+,X_)  =  e(X1+,  X1")  +  (1-6)  (X2+,  X2") 


with  (Xk+,  Xk_)  e  A*“  ,  k=l,2 

Recalling  (X+,  X”)  is  an  extreme  point  of  A*~,  there  must  hold 

W 


(xV)  =  (x1+,  X1')  =  (xz+,x2"). 


2+  ,2-i 


Thereby 


X  =  x1  =  X2 


Q.E.D. 


Theorem  3.2 


Every  X  €  Aw  with  ^2  w,j|A.  |  =  U  is  a  convex  combination  of  extreme 


points  of  Aw> 


Proof: 


Let  xV  €  such  that 


x+  =  l  X.  X.  >  0 


0  otherwise 


_  -x.  X.  <  0 

A-j  -  '  1 

0  otherwise 


Since  X  e  A  with  52  W,*|X.|  =  U  and  X  =  X+  -  X",  (X+,  X")  c  A*" 

W  11  w 


If  (X+,X~)  is  not  an  extreme  point  of  A+~  ,  then  it  is  the  convex  combination 

W 


of  extreme  points  of  A  "  ,  i.e. 

w 


(x+,  x")  =  52  ek  u,  x_k) 


where  0^  >  0  ek  =  1 

k 


V  .*  '  •  ">  •  •  ■  *  •  ■'*  **  •’** »  '  ,*■  .*»  ; 


Because  0  =  X  2^0  £  X.jk  xj^k  s  0  these  extreme  points  (X+k  ,  X-k)  must 

k 

have  the  property  that 

X*k  *  xTk  =  0 

k  +k  -k  ~ 

By  lemma  3.2,  they  correspond  via  X  =  X  -  X  to  extreme  points  of  A  and 

W 

x=£ek  xk. 

k 

Q.E.D. 

From  theorem  3.1  and  3.2,  the  following  corollary  holds. 

A 

Corollary:  A.,  is  the  convex  hull  of  its  extreme  points. 

w 

A  A  A 

Since  A  is  a  special  case  of  A  ,  A  is  also  the  convex  hull  of  its  extreme 

w 

points.  Furthermore,  we  have  the  following  theorem  that  gives  characteristic 

A 

properties  of  the  extreme  points  of  A. 


Theorem  3,3 

A  A  A 

If  A  has  at  least  two  points  and  X  e  A  ,  then  x  is  an  extreme  point  of  A 
if  and  only  if 


i)  EN=U 

i 

ii)  {  P.  :  X^  >  0  |  U  |  -P.j  :  X^  <  oj  is  affinely  independent. 


Proof: 

A. 

Suppose  that  X  is  an  extreme  point  of  A. 


By  theorem  3.1  ^  |X. I  =  U. 


Let 


*1 


Xi 


Xi 


-Xi 


X.  >  0 
otherwise 


X.  <  0 


0 


otherwise 
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i 


i 


M 


'j* 


Thus  (X+,  X")  €  A 


+- 


where 


ux\  n  e  F<’>  x  F<*>  :  »J  *  2>V  N  ■  O’  XI  •  x; 

[*-■} 


ZA  *  - 


It  is  easy  to  verify  that  (X+  ,  X”)  must  be  an  extreme  point  of  A+".  By 
theorem  1.1,  the  LIEP  theorem, 

1C1)  :  * >.}.{(?)  ■■  x;>0) 

is  linearly  independent.  In  other  words, 

|pi  :  xi>°} u  |-pi  :  xi<°( 

is  affinely  independent. 

A 

Suppose  that  (i),  (ii)  hold  for  some  X  e  A.  By  the  same  transformation, 
we  have 

X  =  x+  -  x" 


with  (X+  ,  x‘)  €  A+"  and  xt  XT  =  0,  V. 


By  the  LIEP  theorem  also,  (X  ,  X~)  is  an  extreme  point  of  A  ".  Finally, 
the  lemma  3.2  ensures  that  X  is  an  extreme  point  of  A. 

Q.E.D. 
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4.  The  set  Ac 

If  I  is  an  infinite  index  set,  it  is  interesting  to  see  following  results. 
Theorem  4.1 

If  I  has  an  infinite  number  of  elements,  then  Ac  has  no  extreme  point  at 

all. 

Proof:  We  only  need  to  show  that  for  any  A€AC,  there  exist  a1.  A2  €  aC, 

A  f  A  such  that 

X  2 

A  *  iA1  +  iA2 

Since  (i  cl  :  Ai  t  0}  only  has  a  finite  number  of  elements,  we  can 
select  ij,...,im+j€  I,  such  that 


Let 


min 

{U/|ak|  :  ak  t  0} 

ixi 

if  A.  f  0 

a? 

P 

7T 

—4. 

II 

*- 

ll 

1 9  •  •  •  f  1  i 

(o 

otherwise. 

Xi 

if  Ai  t  0 

'0cxk 

if  i  =  ik  ,  k  = 

1 y • • • 9 m+ 1  ^ 

0 


otherwise. 


*-\vy , 


It  is  easy  to  verify  that 


X1,  X2c  Ac 


Clearly  X1  t  X2  and 


X  =  ix1  +  ix2 


Q.E.D. 


The  basis  for  this  contrast  with  the  results  is  that  the  latter 

involves  only  a  finite  number  of  additional  constraints,  whereas  the  Chebychev 
bounds  involve  the  whole  infinite  cardinality  of  bounds  corresponding  to  the 
totality  of  coordinates.  However,  every  point  in  ac  has  only  a  finite  number 
of  non-zero  coordinates.  And,  for  the  projection  of  Ac  onto  the  finite¬ 
dimensional  subspace  corresponding  to  these,  we  do  have  extreme  point  theorems 
of  similar  nature  to  the  (Jlj)  ball  results  as  we  now  show. 

We  will  now  develop  a  generalization  of  the  semi -infinite  LIEP  Theorem 
which  perhaps  shows  why  Ac  has  no  extreme  points  at  all.  Actually  Theorem  4.1 
can  be  regarded  as  a  corollary  of  the  following  Theorem  4.2. 

Define  the  set 


A  { X €  F ^ 1  ^  :  EpiXi  ■  Q  ,  <=  Xi  <  u.  ,  Vi} 


where  l.  <  u..  . 


Note  that  since  X€F11^  ,  A'  =  ^unless  ^.<0  ,  Vi«I. 

Theorem  4.2 

X  €A'  t  4>  is  an  extreme  point  of  A'  if  and  only  if  {P..  :  £.  <  <  u^} 

is  linearly  independent. 

Proof:  "if":  Suppose  {P^  :  <  x^  <  u^}  is  linearly  independent  and 

(io)  x  =  ex1  +  (l  -  e)x2 
where  0  <  9  <  1  ,  X1,  X2f  A1. 


*  »*"  *►  •  *"  .  "  w  *  •  *  -  V*  %  «  ■  *  *  *  ■*  *  «  "  -  “  »  ' .»  ’  *  *  *  ”  •  '*  “  •  *  •  '  "  ■  '  •  '  *  '  * 


IA  A  {1  el  :  Ai  =  i.} 


Iu  A  {i  e I  :  x.  =  u.- } 


I00A  {i£I  :  <  X,  <  g,} 


Clearly,  from  (10),  we  have 


i  CI.^X}  =  X? 


1  1 

1  =  12 


*1 


1eIu^M  *  M  *  ui 


Thus, 


E  p  i  .  q  .  E  p  i  .  E  p  u  =  E  p,xi  ■  E  p,a: 

i  €  I _ 1  1  i  €  I  11  1  €1  1  1  i  €  I  1  1  i  €  I  _  1  1 


00 


00 


00 


But  since  { :  i  € I  }  is  linearly  independent,  the  representation  is  unique 
Hence 


Xi  =  X\  -  X? 


i.e.,  X  =  X1  =  X2 


and  X  is  an  extreme  point. 


"only  if":  Suppose  {P^  :  i€loo}  is  linearly  dependent,  i.e.. 


i  €  I 


V)  * 0 


00 


with  not  all  ai,...,an  zero. 


Take  e  >  0  small  enough  so  that 


*1  <  X-j  +  <  ui 


Vi  €  I 


00 


Let 


XU 


xi  +  eai  ’  1  6  *00 


,  otherwise 
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xi  ■  “i  •  1  e  'oo 


,  otherwise 


Evidently,  X1,  X2  €  A'  X1  f  X2  and 


X  =  ix1  +  ix2 


Q.E.D. 


Since  Ac  is  a  special  case  of  a'  with  u..  =  U  ,  j^.  =  -U,  and  aC  is  in 
a  generalized  finite  sequence  space. 


I00  •  (1*1  :  -u.  <  X.  <  U)  D  {i  e  I  :  xi  =  0} 

has  an  infinite  number  of  elements.  Thus  {P^  :  i  €lQ0}  must  be  linearly 
dependent  for  any  X€AC.  By  Theorem  4.2,  there  is  no  extreme  point  in  aC. 

However  if  all  =  0  ,  A'  is  the  convex  hull  of  its  extreme  points  and 
we  have  the  following  Theorem  4.3. 

First  for  simpler  discourse,  we  shall  call 


‘oo  *  {1£I  :  0  <  *1  <  »1> 


the  "active  index  set"  from  now  on. 


Theorem  4.3:  A'  is  the  convex  hull  of  its  extreme  points,  if  all  «...  =  0. 

Proof:  Take  any  Ac  A'.  If  X  is  not  an  extreme  point  of  a'»  by  Theorem  4.2, 
{P.  :  i  cloo}  is  linearly  dependent.  Thus,  there  exist  »  i  € I00  not  all 


zero  such  that 


Pi“i  =  0 


xoo  {1  € !oo  :  ai  >  0} 
^oo  ”  ^  €  <00  *  ai  < 
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Pi  =  mi 


P2  =  mi 


in  i-4-1  ;  i£Co  ■  1eIool 

n  I  37  •  1  e  C  ;  1  la..  1 1  ’  1  c  ‘oo  } 


Because  IQ0U  Iq0  t  <f>  >  Pi  and  p2  are  well  defined.  Now  let 


XU 


X1 

Ai  +  Piai 

•  i€tooui;o 

Xi  “  P2a-j 

•  i£CoUI-0 

Xi 

,  otherwise 

XU 


It  is  easy  to  see  that 

X1,  A2  €A'  ,  X1  t  x2  , 


X  = 


_£2 _ 

Pi  +  P2 


X1 


+ 


P2  1,2 
Pi  +  P2 


k 

and  the  active  index  set  of  X  (k  =  1,2)  has  at  least  one  less  element  than 
the  active  index  set  of  X.  If  X1  and  X2  are  both  extreme  points  of  A1,  we 

k 

are  done.  Otherwise  using  the  same  method,  we  can  present  X  as  a  convex 

combination  of  two  other  points  of  A'  which  have  at  least  one  less  element 

k  n 

of  the  active  index  set  than  the  X  's.  Therefore  in  at  most  2  steps  (where 
n  is  the  number  of  elements  of  IQ0)  we  can  get  x  as  a  convex  combination  of 
extreme  points  of  A'. 


Q.E.D. 
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